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|
Optimal Stopping Problems

» (Xj)j>0 is a Markov chain

> on afiltered probability space (2, F, (Fj)j>0, Px)
> with values in (RY, B(R?))

> starting at x under P, for some x € RY

> Gj: RY - R,j=0,...,7,is a set of measurable functions that
fulfill
Ex | sup !G/(X/)|] < o0
0<j<Tg
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Optimal Stopping Problems

Consider the following discrete time optimal stopping problem:

Yg - sup  Ex [GT(XT)] >
7€{0,...,.J}

where
> 7 is a (Fj)-stopping time with values in {0,..., 7}, i.e. {T =/} € F;

Question

How to approximate Y in the case when the expectation E[G;(X;)]
cannot be computed in a closed form ?
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-
Simulation-Based Optimization Algorithms

» Simulate a set of trajectories: Xé’"), .. ,X}m), m=1,....M.
» Fix a parametric set of stopping rules: 7 = 7(0), 6 € ©.
» Compute

M
1
O = arg sup {M > GT(m>(e)(XT<m)(e))} :
m=1

0€©
> Simulate a new set of trajectories: X", ..., XM,
n=1,...,N.
» Define an estimate for Y via
;N
Yun =g > G,y Xetm(gu))-
n=1
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Simulation-Based Optimization Algorithms

SBO algorithms are popular among practioneers (in finance and
ensurance) but there are some open questions:

» How fast does Yy n converge to Y; as M, N — oo ?

» What is the optimal relation between M, N and © that minimizes
the computational costs ?

» How to choose a parametric family of stopping times 7(0), 6 € © ?
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|
Main Setup

» Snell-Envelope Process

Yi(X)= sup E[G.(X)IX]
Te{]?’ 7j}

» Continuation values

Ci(x) = E[Y {1 (Xir1)IXj=x], j=0,....,T -1
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|
Main Setup

> Introduce the stopping region §* = &7 x ... x 8% with §%; = RY by
definition, and
S = {xeRd: Y7 (x) < G,(x)}, j=1,...,0 1.

» Introduce the first entry times 7']-* into 8* by setting

7 =7(8")=min{j < I<J: X €8}
Theorem
The stopping times ;" are optimal, i.e.,

Yi(x) = E |G (%)

/ j j

x,-:x}, j=1,...,7.
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-
Main Setup
> (Xj(m))jzowj, m=1,..., M, are M independent Markov chains

with the same distribution as X.
» B is a collection of sets from

B =B®...9B
T

containing all sets S € B of the form S = Sy x ... x S;_1 x RY
withS; e B, j=1,....7 —1.

Define

M
’
Sy :=argsup{ — > G @m (X(”;) ) ,
M QSGE{M; M) \ "Hms)

where G is a subset of B
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|
Main Setup

» Compute

M+n
Yun =

HMZ

with

T,Eﬂn):mln{ <j<J: X(M+n)€SM7/’}./ n=1,...,N.

Observation
Yu.n is low biased, i.e., it fulfills Yy, := Ex [ Yy n| XM, ..., X(M] < v~ J
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d-entropy
> Let
J
dx(Gr x ... x Gg,Gy x ... x G7) = > Px(Xj € GAG)),
Jj=1

where {G;} and {G}} are subsets of R.
» N(0, &, dy) is the smallest value n for which there exist pairs of

sets
(Gk1x...x Gk 7. Gy x...xG{ ), k=1,....n

suchthath(Gk1>< % Gg 7 Gy x . xGU)<5foraII

k=1,...,n and foranyGthhere exists j( )6{1 ., n} for

which
Gk € G C Guayy J=1.-.7.
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Entropy Assumption

Assume that the family of stopping regions & is such that

(5,6, dy) = log {N(5,&, dy)} < As—¢

for some constant A > 0, any 0 < § < 1 and some ¢ > 0.
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Entropy Assumption
Example (sets with Hoélder continuous boundaries)
Consider the class

&y ={Sp, x... xS, , xE:by,....b7_1 € X(7,H)}

where

Sp={(X1,....X4) €RY:0 < xqg < b(Xq,...,Xq4_1)}.

Proposition

The class &., satisfies the entropy assumption with o = (d — 1) /~. J
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Entropy Assumption
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|
Upper Bound

Theorem
Assume that

Yg — sup E[G,(s)(Xry(s))] < DM~1/(+0)
5¢6
and the margin condition (MC):
Px(IGi(X) — C(X)| < ) < Aosd®, & < 5
holds forj=1,...,J. Then forany U > Uy and M > M,

PEM (Y6 — Yur > (U/M)27+lT1"+a)) < Cexp(—VU/B).
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Margin Condition

@ Xi,..., Xy is atime homogenous Markov chain with the state
space R, and a transition density p(y|x) = x~'p(y/x).

@ The function p(z) stays positive on (0, co) and satisfies
p(z) <2782, z - +oc.

@ Assume that Gj(x) = aj(x — x)" where g;, j=1,...,7,isa
decreasing sequence of positive numbers.

Observation
The MC condition is fulfilled with o > 1/2. J
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|
Implications

» |t follows from our results that

1+a

Yo —Yu="0p (Mfm) = op(M~"/?)
aslong as a > 0.

Hence

1+a
Y — Yun = Op (M*W?ug) n N—%) ,
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|
Implications

» Suppose that the computational cost of the optimization step is
proportional to M.

» Given the overall computational cost C, a reasonable choice of M
can be found as a solution of the optimization problem:

___Ita .
Mzt + N2 s min, st M+N=C.

» Solution: 14
3 «
M = C2(+5) . - =
P 2+a(1+0)
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|
Implications

» There exists a parametric family of stopping regions, i.e., ¢ can be

taken arbitrary small

» The functions G;j(x) — C/(x) are Lipschitz continuous for all
j:O,...,j, |e,a:1

M=% NxC.
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Lower Bound

Theorem
LetT € {1,2} and P, be a class of measures such that
» MC is fulfilled with some o > 0

» foranyP ¢ P, ., we have S* = §*(P) € &, (Hblder continuous
boundaries)

Then for any stopping time myy € {1,2} measurable w.r.t. F®M it holds
+o

1
inf POM(Yg — Yy = CM #eé07 ) > 0
PEPa .~

with YM = EP[GTM(XTM)]'
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Numerical example: Bermudan max-call option

» The risk-neutral dynamic of the asset X(t) = (X'(t),..., X9(t)) :

/
O;)(('((t?ﬂr_a)dtwdw’(tx X =x, I=1..d

» Atanytimet e {t,...,t7} the holder of the option may exercise it
and receive the payoff

Gi(X) == (max (Xﬂ,...,Xﬂ) — H)+,

where X; := X(t) forj=1,..., 7.
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Numerical example: Bermudan max-call option

Consider a parametric family of stopping regions:

Si(0)) == {(x1, X2) : (max(xq, x2) — K)*t > 9/1; X1 — Xo| > 9]_2}7

where §; € ©, j=1,...,7, and © is a compact subset of R2.

Remark

We simplify the corresponding optimization problem by setting
01=...=07.
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Numerical example: Bermudan max-call option

» Simulate L independent sets of trajectories of the process (X;):

where [=1,... L
» Compute estimates 9,(\,1,), cees ef‘j) via

6\) .= arg max{ Z Gr\(s(0) ( 71(8)( )))}.

» Simulate a new set of trajectories:

XX, =1, N
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Numerical example: Bermudan max-call option

» Compute L estimates for the optimal value function Y

YI%A/N- NZGTM/n<T(AZ)/n>’ l:1""’L’
with
TM,I,nZZmin{1Sjgjiyg(n)ESj(H%))}? n=1,....N.

Denote by oy n, the standard deviation computed from the
sample (GTMJ,N(.)7 n=1,... ,N) and set OMN = min/aMyNJ.
» Compute

L ;L )
PMNL = T ; ImNL = \l 1 ; <YI$/QN - MM,N,L) :
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Numerical example: Bermudan max-call option

We have

Y — Yun = (Y — Epou [Yu]) + (Epem [YM] — Yi) + Yu — Yun.
/ i i

where

and
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Numerical example: Bermudan max-call option

We use the following approximations:

» First term:
[~ Qi(M) := ppe ne 1 — N s, N5 L >> 1
» Second term:
sd (/) = y/Varpem [Yu] = Qo(M) := /Oy N+ 1+, N7 L >>1
» Third term:

sd (/) = \/Varpen [Yun] = Qs(N) := op- n/VN, M* >> 1
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Numerical example: Bermudan max-call option
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-
Numerical example: Bermudan max-call option

Since Qx(M) dominates Q(M), by solving the equation
Qo(M) = Q5(N),

one can infer on the optimal relation between M and N.

Conclusion

The choice M = N°/* is sufficient in this situation since it always leads
to the inequality Q{(M) + o Qo(M) < o Q3(N) forany o > 1.
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-
Tools for the proof

Theorem
It holds

Y7 (X)) — V(X))

;

J—1
=E Z ‘G/(X/) - E[YlfH (X/-i-1)u:/”1{)(,6(5/*Ag,)\(ﬂﬁ:l1 5/,)}
I=j -

forj=1,....7 —1, where

Yi(Xj) =E [GT,(S)(XT,(S))UTJ] . j=1,7.
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-
Tools for the proof

» Forany S € & define empirical process
= \/M/Qs d(PRM — Px)

» Assume that

Hp(6, &, dx) < A5~

» Then
p sup IS =S ) < Cexp(-u/c?)
S€6, |gs—3s, |,y >c |95 QSO||L2 Px)
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