Jlekmust 5. 3ameHa NepeMeHHBIX B HHTerpaJie.

1 Teopema 06 obpaTHOM OTOOpaKEeHUN
[Iycts X, U C R™.

Onpenenenune. bueknus f: X — U naspiBaerca nauddeomopduzmom kiracca CP, econ

feC?(X), f~tec?U).

Teopema 1 (06 obparHOoM orobpaxenun). [lyems f € CP 6 okpecmuocmu mouku o,
u fi(xg) — obpamumwii onepamop. Tozda 3 X S xy u U S f(xo) maxue, wmo f: X — U
— dugpgpeomopdpuszm. Obpammno: npouseodrasn dugppeomoppuzma nesviposcdera 6 110607
sHYymMperHet mouke 0baacmu onpedeserus.

Jlokasameavcmso. Touka x u ee obpas u = f(x) cBa3aHbl cUCTEMOW ypaBHEHUIt
u— f(z) = 0, mpuuaem det f(x¢) # 0. [To Teopeme o mHesiBHOM oToGpaxkenun JU > f(xg)
u orobpaxkenue r = @(u) Takue, 9o u — f(¢(u)) = 0 Yu € U. Ilpu srom ¢ € CP(U).
Takum obpazom, f o ¢ = id, To ectb oTobpakerue f obparumo B CP. OOpaTHO: MyCTh
f o ¢ = id. Torga no nenuomy npasuiy fr(p(u))p, = 1, To ectb Kak f., Tak u @), —
0OpaTUMBIE OIIEPATOPHI. O

2 IIpocreiimmme agudpdeomopdhusmbl

Onpenenenune. Jludbdeomopdusm f HazbBaeTCA MPOCTEHIIIM, €CJIU OH MEHSET BCEro
ozHy KoopauHary, To ecTb 3 : 1 < ¢ < n rakoe, uro f;(z) = x;, j # i.

JlemMma 1 (o npusesiernn k npocreitemy Buiy). ITyemo X, U — obaacmu 6 R, xg € X
— npoussoavhas mouwka u f: X — U — dudgpeomoppusm xaacca CP maxot, wmo f(x;) =
x; npu i >k Tozda 6 Hexomopotl okpecmHocmu MoKy To UMEETM MECTO NPEICTNABAECHUE
f=g10...0q, 2de g — npocmetiwuti duggpeomoppusm.
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Aoxazamenavcmeso. Iposegem unaykiuio 1o k. llpu k = 1 f asisiercsd npocreiinum ud-
deomopdpuzmom. Ilycts yrBepxkaenue Bepuo npu k < m. llposepum ero npu & = m.

Torna fi(x) = z; mpui =m +1,...,n, To ecTb GJI09HAS CTPYKTYpa SKOOMAHA TAKOBA:
dfi "
TakuM obpasom, det # 0 (B jieBoM BepxueM yruty). [TosTomy Haiigercst ero
O0xj/ij=1/..m
OFf
MUHOD pa3mepa m— 1, ue pasubiit 0. Bes orpanuvenust OOIHOCTH 3TO MUHOD ( 5 : ) .
l’j i,j=1,...m—1
Pacemorpum orobpazkenue f = (f1,..., fn), tae fi = f; upu i # m, u f,, = x,,. Torma
a(flvnafmfl) *
= (21, Tm—1)
Jo= 0 1 %],

0 0 id

e id — epuHEUHAs MaTpuia pasMepa (n — m) X (n — m). Takum obpazom det f/ # 0.
ITo Teopenme 06 oGparHoM oroGpazennu 3 f~1 (B HeKOTOPOIl OKpecTHOCTH TOUKH f(0)).
oo gy, = f o f, 1o ectb f = f 0 gpm. K f HPUMEHHM HPEIONOKEHIe HHY KL
f =¢19...9m_1- Torma f =gy 0¢920... ¢y, 9TO U TpedyeTCH. ]

Teopema 2 (o pasbuenun epunuiipt). [Tycmy M C R™ — xomnaxm, M C UL U;, 20e
U; — omxpwmuie wapo. Toeda cywecmeyrom dynwkuuu iy, ..., 0 na R™ maxue, wmo

W, > 0Vi, ; =0 ene U; u Zle vi(z) =1 na M.

Jlokasamenvcmso. 1). Tlokpbitie U; MOXKHO Cy3UTh, TO €CTh B35ITh TaKie OTKPBITHIE Ia-
pet V; C U;, ato M Bee eme nexxut B UY_, Vi, Ecim mpemonoKuTs, 9To 3TO He Tak, TO
it moboro € > 0 cymectByer Touka m. € M, m. ¢ UleVf, rae V. — map, KOHIeH-
rpuueckuii ¢ U; u pajauyca Ha € Menbiie. Ilycrs &, — 0, {m,} — nociegoBarebHOCTD
COOTBETCTBYIOIIMX TOYEK, U M — ee IpeJie/ibHasg TOUKa. 1oraa MOXKHO YTBEPXKJIATh, ITO
m & u; HE Opu OHOM ¢ (MHade Obl OHa MpHuHaIexKasa V,E nupu goctatogno MajoM ). Ho,
¢ JIpyToit CTOPOHBI, m € M, 9TO sIBISETCST TPOTHBOPEINEM.

2). Tlocrpoum byHKIUIO @;(x), 3aBUCAIIYI0 HA CAMOM JIeJie
TOJILKO OT pajinyca, KakK MOKa3aHO Ha PHUCYHKe (IpejBapu-
TeJIBHO BBIOpaB ¢ Tak, 4ro {V;°} — nokpsitue M u cyxkenne

1, €V

Ui ) ) =
{U;}), B wacraocru ¢;(x) 0. 2¢ U,

Mg moboro x € M Zle wi(x) > 0. HeiictBurensro, Beerga Jigp @ x € V. Cie-
noBaresibHo @ (z) = 1. Teneps momoxum ;(x) = gp(x)/(Z?zl p;j(z)) (x € M). Ilo
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nocrpoennio W(z) > 0, Va; ¢;(z) = 0 mpu o € R\ U;, n Zlew(x) =1lupu v € M.
[TockosbKy 0U€BUJIHO, UTO ; MOYXKHO BBIOpaTh B Kiaacce C°, to u ¢ € C'°. m

Teopema 3 (o 3amene nepeMeHHbIX B nHTErpasie Pumana). [lyemos X, U C R™ — oepanu-
wenmle mnosicecmea, f — unmezpupyemasn gynxuua na X, nenpepvienas na X, o: U —
X — duppeomoppusm, xomopwiii modtcem bvimsb NPOJONHCEH HA HEKOMOPHLE OMKDLLIMDLE
Mmrootcecmea, codeporcaujue X u U. Toeda

/X f() d = / F ()] det ', du (1)

(u 0ba unmezpasra cyuecmeyom,).

Jloxazameavcmeo. 1). Teopema BepHa, ecin ¢ — upocreiimmii nuddeomopdusm. leii-
CTBUTEJILHO, OylieM cuntarh, 910 z; = ¢(U) = u; upu i > 1. Cornacuo reopeme Py6unm,

/f(:v)dx—/ dxg...dxn/f(ml,xg,...,xn)da:l, (2)
X Proy..an (X) S

rae S — cedeHme MHOXKeCTBa, X IPH IMOCTOSIHHBIX Tg, . ..T,. 110 dopmyse 3aMeHbI mepe-
MEHHBIX B MHTerpaJie PumaHna B 0OHOMEPHOM ciIydae,
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8u1 d'LLl (3)

/f(xl,azg,...,xn)dxlz/ flor(u)),za, ... xp)
S e~ 1(S)

(3aMeTuM, YTO MOJY/Ib IIPOU3BOJHOI BO3HUKAET 3/IECh IIOTOMY, YTO COIVIACHO HAIIEMY
ONpEJIETICHUIO B HHTErpasie PumMana oTCyTCTBYET TOHSATHE TIPOXOXKICHIS OTPE3KA B OTPHU-
nareapHOM Hanpasyennn). 13 (2) u (3) caemxyer, aro

[ o= [ fotw) |52

(rpu 3TOM MBI TOBTOPHO IpuMeHIIn Teopemy Pybunu, yke mo u). OJHAKO, 3aMETHM, 4TO

duy . ..du,

— . (4 Op1 _ dp; i
u3 yciaoBus x; = u; (1 > 2) ciemyer, 9To oo = det < 6%')”':1 _» TO eCTb U1 POCTeHIIero

nuddeomopdusma TeopeMa J0Ka3aHA.

2). Eciu teopema Bepra mist guddeomopdusmos pi: U — X u @o: V. — U, 10
OHa BepHa U I WX MPOU3BEIEHUS (P = (1 O Yo. IDTO CJIEIyeT U3 IEIMHOrO IIPaBUJIA:
0 = (1), 0 (p2),. CrienoBaresbro, det ¢! = det(p;)! - det(ps)!. Takum obpaszom,
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/X f(x)de = /Uf (p1(w)) | det(p1),,| du =

= [ 1) [detlon)s] | et do =

u=wpa(v
B /vf (o (V)] det @' (v)] dv. (4)

3). C nomorpio pasbreHnst eJMHAIBI CBejieM OOl cirydail TeopeMbl K PACCMOTPEH-
HBIM yTBepKjaeausm 1 n 2.

[To ycmoBuio teopembr auddeomopdusm p MOKET ObITH ITPOJIOJIZKEH HA HEKOTOPOE
OTKPBITOE MHOYXKECTBO, cojepzkaiiee U. DTo 3HAUUT, ITO JIeMMa O IPUBEJICHUH K [IPOCTeli-
ITeMy BHTy CIIpaBeIHBa J/Is BeeX Touek X (BK/Todas rpanudHble). Tak Kak X KOMIAKT,
CYIIECTBYET HOKPBITHE MHOXKECTBA X OTKPBITBIMU IapaMu Xi, ..., Xp, Ha KayJIOM U3
KOTOPBIX (0 €CTh IPOU3BEJIEHNE MMPOCTEMIINX, & CIeJ0BATE/ILHO, YTBEPXKIEHUE TEOPEMbI
Bepuo. [lycTn Zle Y;(r) = 1 — pasbuenue eJMHUIBI, COOTBETCTBYIOIEE MOKPBITUIO X;.
Torna,

k

/X f(x)do = /X f<m>§wi<x>dx:; /X  Hp) e =

= ; / Flo(u)vi(e(u))| det | du.  (5)

=lo1(Xinx)

B I10CJIe JHEM Bpra}KeHI/II/I MBI MO2KEM 3aMEHUTDH O6JIaCTb I/IHTerI/IpOBaHI/IH Ha U7 TaK KaK
_ —1 .
Yi(p(u)) = 0 Be o' (X; N X)):

/X fla)yde =3 / Fp()i(p(u))| det @ | du =

:L(gwi(so(u})ﬂdew;\du:/Uf(sO(U))\dew;\du (6)

Teopema jjoKazana. [

JIBa Ba>KHBIX 3aMeYaHUsl.
1). Teopema 0 3amMeHe TIEPEMEHHBIX MOKA3BIBAET, YTO HE3ABUCUMBIM OT BBIOOPA KOOD/IH-
Har (napamerpusanuu obactu X ) SBJISIeTCS OTHIONbL He HHTerpaJ (DYHKIIUK, a WHTEerPAJI
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TaKoro oobekTa: f (ap(u))‘ det 90;|, e ¢ — Joboit puddeomopdusM, YI0BIETBOPSAIOTHIT
YCJIOBUIO HEBBIPOXKJIEHHOCTH Ha rpanuile obsactu. VMHTerpas mMeHHO 9TOro 00beKTa sIB-
JISTeTCsT MHBAPHAHTOM Tapbl (00J1aCTh, QYHKINSA) OTHOCUTETHHO BBIGOPA KOOPIMHAT. DTO
3aMedaHue TMOJIYINT B JIajbHENIIeM pasBUTHe IPU HHTErPUPOBaHUN JuddepeHITnaIbHbIX
¢dopM, 1 BBIBOJ OYJIET TaKOB: UHME2ZPUPOSAMH HA0 No popme obsema.

2). Ilpu 3amene mepeMeHHbIX ¢ MPsIMOYTOJIbHAsT cUcTeMa KoopauHaT B U epexouT B
KaKyI0-TO, BOOOIIE TOBOPsI, KPUBOJIMHEHHYIO cUCTeMy KoopauHaT B X .

U

OTobparkenne ¢!, TUHEHHO U IEPEBOINT JIEMEHTAPHBII KyO PEIIeTKI B apasiesIennn-
e, 0Opa30BaHHBIN KacaTeJbHBIMI BEKTOPaMH K KOODJAMHATHBIM JIHHUAM B X . OTHOIIE-
HIIe 0ObeMa HTOro mapasiieenume/ia (Ha3bBaeMoe aaeMenmom 0bsema) K obbeMy Kyba
(c y9eToM OpHEHTAINN) PABHO |det gp;‘ Teopema 0 3aMeHe IIepEMEHHBIX I'OBOPUT, YTO
MOKHO MHTETPUPOBATH B JIIOOON CHCTeMe KOODJMHAT, HO II0 9JIeMEHTapHOMY OObeMy.



