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Ôóíêöèè ìíîãèõ ïåðåìåííûõ. Ôóíêöèè, çàäàííûå íåÿâíî.

1. Ïóñòü F (x, y, z) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Íàïèøèòå óðàâíåíèå êàñàòåëüíîé
ïëîñêîñòè ê ëèíèè óðîâíÿ ôóíêöèè F (x, y, z) = F (x0, y0, z0) â òî÷êå (x0, y0, z0) è ïîêàæèòå, ÷òî
ãðàäèåíò ôóíêöèè F îðòîãîíàëåí êàñàòåëüíîé ïëîñêîñòè.

2. Ðàññìîòðèì ëèíåéíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà
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Äîêàæèòå, ÷òî ïåðâûå èíòåãðàëû ñèñòåìû
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ż(t)

f3
, (2)

òî åñòü òàêèå ôóíêöèè F (x(t), y(t), z(t)) = const, êîòîðûå ïîñòîÿííû íà ðåøåíèÿõ óðàâíåíèÿ (2),
ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ (1).

3. Íàéäèòå ðåøåíèÿ u(x, y) óðàâíåíèé:
(à) y ∂u

∂x − x∂u
∂y = 0;

(á) x∂u
∂x + y ∂u

∂y + z ∂u
∂z = 0.

4. Îïèøèòå âñå ôóíêöèè f ∈ C2(R2), óäîâëåòâîðÿþùèå óðàâíåíèþ ∂2f
∂x∂y ≡ 0.

5. Óðàâíåíèåì êîëåáàíèé ñòðóíû íàçûâàåòñÿ ñëåäóþùåå óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé
ôóíêöèè u ∈ C2(R):
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Ãðàôèê ôóíêöèè y(x) = u(x, t) ïðè ôèêñèðîâàííîì t ïðåäñòàâëÿåò ñîáîé ïðîôèëü ñòðóíû â ìîìåíò
âðåìåíè t.

(à) Íàéäèòå îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ. (Óêàçàíèå: ðàññìîòðèòå íîâûå êîîðäèíàòû ξ =
x− at, η = x+ at.)

(á) Ïóñòü çàäàíû íà÷àëüíûå óñëîâèÿ {
u(x, 0) = u0(x)

u′
t(x, 0) = v0(x)

Íàïèøèòå ôîðìóëó äëÿ ðåøåíèÿ, çàäàííîãî ýòèìè óñëîâèÿìè.
(â) (Ñòðóíà ãèòàðû.) Ïóñòü v0 = 0, à u0 � ôóíêöèÿ ñî ñëåäóþùèì ãðàôèêîì:

Íàðèñóéòå ïðîôèëü ñòðóíû â ìîìåíò âðåìåíè tk = kl
4a , k = 0, . . . , 5.

(ã) (Ñòðóíà ðîÿëÿ.) Ïóñòü u0 = 0, à v0 � ôóíêöèÿ ñî ñëåäóþùèì ãðàôèêîì:

Íàðèñóéòå ïðîôèëü ñòðóíû â ìîìåíò âðåìåíè tk = kl
4a , k = 0, . . . , 5.

6. Äîêàæèòå, ÷òî êîðíè óðàâíåíèÿ

xn + a1x
n−1 + . . .+ an = 0

ãëàäêî çàâèñÿò îò êîýôôèöèåíòîâ, ïî êðàéíåé ìåðå, ïîêà îíè ðàçëè÷íû.


