Report on “Young Russian Mathematics” award

Irina Bobrova

2022 year

Contents

1 Results

1.1 A fully non-abelian analog for the fourth Painlevé equation

In the matrix setting, it turns out that the fourth Painlevé equation has three different analogs labeled as
PY, Pi, P? | ]. They were obtained by using a matrix generalization of the Painlevé-
Kovalevskaya test, suggested in [ . Pg can be written only as a system of first-order
ODEs, while the remaining systems are reduced to a second-order ODE. All this systems have arbitrary matrix
constants and are integrable in the sense of the zero-curvature condition | ]

In a fully non-abelian setting (non-formally speaking, “the independent variable” is non-abelian), there
exists only one analog of the fourth Painlevé equation | | that generalizes the quantum fourth
Painlevé equation and the matrix Pg system. This analog can be written as a system and was derived by using
the solutions of the infinite non-commutative one dimensional Toda lattice. Namely, the solutions of the fully
non-commutative fourth Painlevé system can be expressed via the solutions of the infinite non-commutative
Toda system. The latter is integrable since it can be solved by Hankel quasideterminants. Besides this property,
the fully non-abelian analog is integrable in the sense of the zero-curvature condition.

1.2 Some classes of non-abelian Painlevé type systems

All Painlevé equations are Hamiltonian and can be written as a system of first-order ODEs [ ].
This systems are non-autonomous and, therefore, the Hamiltonians are not an integral of motions. Since well-
known properties of integrable autonomous systems can be naturally generalized to the non-commutative case,
it is convenient to consider auxiliary autonomous systems related to the Painlevé systems. Using this approach,
we construct two classes of non-abelian Painlevé type systems that are closed under the limiting transitions.

The first class is a class of Hamiltonian non-abelian Painlevé systems | ] that are
a slight generalization of the matrix Painlevé systems obtained in | ]. To find such a class, we
follow the concepts of the Hamiltonian non-abelian systems suggested in [ ]. Tt turns out that

systems of Painlevé-5 — Painlevé-1 type have an inessential constant that can be replaced with a non-abelian.
To prove the integrability of these systems thus obtained, we find isomonodromic Lax pairs for them.

The second class is integrable in the sense of the existence of a non-abelian first integral that generalizes the
Okamoto Hamiltonian | ]. Since the first integrals are not elements of the quotient of
a free algebra by its commutant, this class does not contain the Hamiltonian systems. Besides this fact, several



known examples appear in this list. We remark that for all of these systems the isomonodromic Lax pairs are
presented.
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